We give fundamental moves for the neighborhood equivalence classes of spatial trivalent graphs. We define a coloring invariant and a cocycle invariant for the neighborhood equivalence classes and then for all spatial graphs. We show that the cocycle invariant detects the chirality of a knotted handlebody.
Introduction
A spatial graph is a finite graph embedded in the 3-sphere S 3 . Two spatial graphs are equivalent if there is an isotopy of S 3 taking one onto the other. S Suzuki [17] introduced the notion of the neighborhood equivalence for spatial graphs. Two spatial graphs are neighborhood equivalent if there is an isotopy of S 3 taking a regular neighborhood of one graph onto that of the other.
On the other hand, any handlebody embedded in S 3 is a regular neighborhood of some spatial trivalent graph. Hence, there is a one-to-one correspondence between the set of knotted handlebodies and that of neighborhood equivalence classes of spatial connected trivalent graphs.
It is known that two spatial trivalent graphs are equivalent if and only if their diagrams are related by a finite sequence of Reidemeister moves. However, we have not characterized such fundamental moves for the neighborhood equivalence relation. The first aim of this paper is to introduce moves for spatial trivalent graphs, called IH-moves, and show that two spatial trivalent graphs are neighborhood equivalent if and only if their diagrams are related by a finite sequence of Reidemeister moves and IH-moves (Theorem 1). It enables us to study knotted handlebodies through spatial trivalent graphs up to IH-moves.
The second aim of this paper is to define two kinds of invariants for spatial trivalent graphs. Since they are invariant under Reidemeister moves and IH-moves, we regard them as invariants for neighborhood equivalence classes of spatial (possibly nontrivalent) graphs. In fact, any spatial graph is neighborhood equivalent to some spatial trivalent graph.
The first invariant comes from colorings for diagrams of spatial trivalent graphs (Theorem 5) . Recall that the number of original Fox colorings for a diagram of a knot is an elementary invariant of the knot. It was extended to spatial Euler graphs by the author and Yasuhara [4] (see also McAtee, Silver and Williams [13] ). Although a trivalent graph is not an Euler graph, we can define colorings for a spatial trivalent graph by taking enhanced constituent links of the graph. As an application, we show that there is a relationship between the coloring invariant and the tunnel number of a spatial graph (Proposition 6).
The second invariant is a generalization of the quandle cocycle invariant studied by Carter et al [1; 2] and Satoh [16] . It is a state sum invariant defined by using a quandle coloring with a weight. We remark that Fox coloring is regarded as a coloring by the dihedral quandle; see Fenn and Rourke [3] , Joyce [5] , Kamada [6] , Matveev [12] and Takasaki [14] . We prove that the cocycle invariant of a spatial trivalent graph is invariant under IH-moves (Theorem 7). Hence, it is equivalent to define the invariant for knotted handlebodies. In the last section (Section 6), we give an example of a knotted handlebody whose chirality is detected by the cocycle invariant. We remark that the fundamental group and then the Alexander polynomial (see Kinoshita [9; 10] and Suzuki [18] ) do not detect the chirality, since the complements of a spatial graph and its mirror image are homeomorphic.
Moves for neighborhood equivalence classes
Since all closed 3-manifolds have a combinatorial triangulation by Moise [15] , we will work in the combinatorial category. A spatial graph is a finite graph embedded in a closed 3-manifold M . Two spatial graphs are equivalent if there is an isotopy of M taking one onto the other. Two spatial graphs L 1 and L 2 are neighborhood equivalent if there is an isotopy of M taking N .L 1 / onto N .L 2 /, where N .L 1 / and N .L 2 / are respectively regular neighborhoods of L 1 and L 2 . We refer the reader to Suzuki [17] for some elementary properties of the neighborhood equivalence relation.
In this paper, a trivalent graph may contain a circle component. We regard a circle as a graph without vertices. An IH-move is a local change of a spatial trivalent graph as described in Figure 1 , where the replacement is applied in a disk embedded in M . Two spatial trivalent graphs are IH-equivalent if they are related by a finite sequence of IH-moves and isotopies of M . A contraction move is a local change of a spatial graph as described in Figure 1 , where the replacement is applied in a disk embedded in M . Figure 1 using contraction moves. This gives a one-to-one correspondence between the set of neighborhood equivalence classes of all spatial graphs and that of IH-equivalence classes of spatial trivalent graphs.
Let v be an invariant of a spatial trivalent graph. Theorem 1 implies that, if v is invariant under IH-moves, then v can be defined for any spatial graph and its neighborhood equivalence class.
Proof Let N .L 1 / and N .L 2 / be regular neighborhoods of spatial trivalent graphs L 1 and L 2 , respectively. If L 1 and L 2 are neighborhood equivalent, there is an isotopy
By Lemma 4 in the next section, f 1 .L 1 / and L 2 are related by a finite sequence of IH-moves and isotopies. Hence, L 1 and L 2 are IH-equivalent.
We note that an IH-move does not change the isotopy class of a regular neighborhood of a spatial trivalent graph. If L 1 and L 2 are IH-equivalent, by the uniqueness of regular neighborhoods, we have an isotopy of M taking N .
Since a contraction move does not change the isotopy class of a regular neighborhood of a spatial graph, the one-to-one correspondence is well defined.
We assume that M D S 3 . Any two diagrams of equivalent spatial graphs are related by a finite sequence of the moves R1-3, N4-5 in Figure 2 [7; 20] . Since we may apply an IH-move in a small disk by an isotopy of S 3 , we have the following corollary. are related by a finite sequence of the moves R1-6 depicted in Figure 2 .
Two spatial graphs are neighborhood equivalent if and only if they are related by a finite sequence of contraction moves and isotopies of S 3 , since an IH-move can be realized by contraction moves. Since we may apply a contraction move in a small disk by an isotopy of S 3 , we have the following corollary. By Corollary 2, we can study a handlebody embedded in S 3 through a diagram, since it can be obtained from a regular neighborhood of a spatial trivalent graph. We prepare terminologies for this study below. A handlebody-link diagram is a spatial trivalent graph diagram, where a trivalent graph may contain circle components. Two handlebody-link diagrams are said to be equivalent if they are related by a finite sequence of the moves R1-6 depicted in Figure 2 . A handlebody-link is the equivalence class of a handlebody-link diagram. A handlebody-knot is a handlebody-link with one component. By Corollary 2, a handlebody-link corresponds to handlebodies embedded in S 3 .
A spine of a handlebody
Let M be a closed 3-manifold. Let H be a handlebody embedded in M . We assume that the handlebody H is of genus g > 1. A trivalent spine of H is a trivalent graph K embedded in H such that a regular neighborhood of K is H .
Lemma 4 Any two trivalent spines K and K 0 of H are related by a finite sequence of IH-moves and isotopies.
Let fD j g be properly embedded mutually disjoint disks in H . We denote by B.fD j g/ the set of connected components obtained by cutting H along the disks fD j g. If B.fD j g/ is the set of 3-balls, we call the disks fD j g a system of disks for H . A system of disks fD j g is maximal if each 3-ball in B.fD j g/ has three disks in its boundary. Then there is a one-to-one correspondence between the set of trivalent spines and that of maximal systems of disks up to isotopy: For each trivalent spine, there is a unique maximal system of disks such that the spine is dual to the disks.
For a proof of Lemma 4, we keep a trivalent spine and a maximal system of disks all together. A sd-system of H is a pair of a trivalent spine K of H and a maximal system of disks fD j g for H such that K appears in each 3-ball in B.fD j g/ as a trivial Y-tangle, where a trivial Y-tangle is a Y-shaped graph properly embedded in a 3-ball which is homeomorphic to the 3-ball shown in Figure 3 . We note that, if T and T 0 are trivial Y-tangles with the same endpoints, then there is an isotopy of the 3-ball taking T onto T 0 relative to the boundary. For i D 1; : : : ; n, we take a sd-system .K i ; fD Figure 5 Since a handlebody is irreducible, there is an isotopy ff t g 0Ät Ä1 of H such that
for any j . Since the spine f 1 .K n / and K 0 appear in each 3-ball in B.fD 0 j g/ as trivial Y-tangles, there is an isotopy of H taking f 1 .K n / onto K 0 . Therefore K and K 0 are related by a finite sequence of IH-moves and isotopies.
Enhanced constituent links and colorings
Let L be a spatial trivalent graph. Let be a map from the set of edges of L to Z=2Z such that .e 1 / C .e 2 / C .e 3 / D 0 for edges e 1 ; e 2 ; e 3 incident to a vertex. We denote by R.L/ the set of such maps. For a spatial trivalent graph L and 2 R.L/, we call the pair .L; / an enhanced constituent link of L. The spatial trivalent graph depicted in the left diagram of Figure 6 has four enhanced constituent links, where edges assigned 1 by the map are drawn thickly. We call .e/ the reality of an edge e . We remark that, for an enhanced constituent link .L; /, edges whose realities are 1 form a constituent link of L. Let E be a diagram of an enhanced constituent link .L; /. We denote by A.E/ the set of the arcs of E , where an arc is a piece of a curve such that its endpoint is an undercrossing or a vertex. The reality of an arc is defined by that of an edge such that the arc originates from the edge, which is denoted by using the same symbol .
Figure 6
A kei [5; 6; 14] is a nonempty set X with a binary operation .a; b/ 7 ! a b satisfying the following axioms:
(K1) For any a 2 X , a a D a. In this paper, we suppose that a kei is finite. Set a 0 b WD a and
where 1 ; 2 and 1 are the under-arcs and the over-arc at a crossing , and ! 1 ; ! 2 ; ! 3 are the arcs incident to a vertex ! . See Figure 7 , where an underline indicates the reality of an arc. The axiom (K2) implies that the X -coloring is well defined. We call C.˛/ the color of an arc˛. We denote by Col X .E/ the set of X -colorings of E . Thus, for a finite kei X , the multiset f# Col X .E/ j E 2 EC.D/g is an invariant for any spatial graph obtained from L by contraction moves, and for its neighborhood equivalence class.
We note that the multiset is an invariant for a handlebody-link.
Proof The one-to-one correspondences are obtained from Figure 8 . They are well defined, since we have the following equalities: Then the multiset is an invariant of a spatial trivalent graph L, which is invariant under IH-moves.
Colorings by the dihedral kei
The dihedral kei of order p , denoted by R p , is a kei consisting of the set Z=pZ with the binary operation defined by a b D 2b a. We suppose that p is an odd prime. Let E be an enhanced constituent link diagram. The coloring system of E is the system of linear equations obtained from the coloring relations at crossings and vertices of E . The set Col R p .E/ is a vector space over Z=pZ, since it is a solution space of the coloring system of E . Then, for a spatial trivalent graph L represented by a diagram D , we define the polynomial f p .LI t/ D P E2EC.D/ t m.E/ , where m.E/ is the integer satisfying Col R p .E/ Š .Z=pZ/ m.E/C1 . By Theorem 5, f p .LI t/ is an invariant of L, and its neighborhood equivalence class. Then f p .LI t/ is defined for any spatial graph L.
A spatial graph is neighborhood trivial if it is neighborhood equivalent to a spatial graph embedded in a plane. The spatial trivalent graph K represented by the diagram D of Figure 6 is knotted, since a constituent link of K is the trefoil knot. However this does not imply that K is not neighborhood trivial.
We evaluate the invariant f 3 .KI t/, and show that K is not neighborhood trivial. For an enhanced constituent link diagram in Figure 6 , let a l (resp. a r ) be the color of arcs incident to the left (resp. right) vertex, and let a t be the color of the top arc, and let a b be the color of the other arc. The coloring system of E 1 is Figure 8 Then we have the following .5; 4/-matrix over Z=3Z representing this system: 
On the other hand, we have
where O g is the spatial graph depicted in Figure 9 . Then K is not neighborhood trivial, since any neighborhood trivial spatial connected graph is neighborhood equivalent to O g for some g . The tunnel number t.L/ of a spatial graph L is the minimum number of disjoint properly embedded edges in the exterior of L such that the edges and L form a neighborhood trivial spatial connected graph (see Kawauchi [8, p 207] ). We remark that, a spatial graph is connected and neighborhood trivial if and only if the complement of a neighborhood of the spatial graph is a handlebody, since there is only one Heegaard splitting of S 3 for each genus [19] . which are identical except in the neighborhood of a point where they differ as shown in Figure 10 . Let E i be an enhanced constituent link diagram of D i such that
There is a unique enhanced constituent link diagram E 0 i 2 EC.D 0 i / which is obtained by attaching an edge of reality 0 to E i . Since the coloring system of E 0 i is obtained from that of E i by adding one relation, we have Figure 10 Since the tunnel number of a spatial graph depends on its neighborhood equivalence class, the tunnel number is defined for a handlebody-link, and the same inequality in Proposition 6 holds for handlebody-links.
A cocycle invariant
Let E be a diagram of an enhanced constituent link .L; /. We denote by z A.E/ the union of A.E/ and the set of connected regions of the complement of the underlying immersed graph of
where r 1 ; r 2 are regions sharing an arc˛. See the left diagram of Figure 11 , where a rectangle indicates the color of a region. The equalities (K2 0 )-(K4 0 ) imply that the shadow X -coloring is well defined: (K2 0 ) at an arc, (K3 0 ) at a crossing, and (K4 0 ) at a vertex. We denote by e Col X .E/ the set of shadow X -colorings of E . Let Â.x; y; z/ 2 ZOEx; y; z be the polynomial determined by
where we remark that the numerator is divisible by p . Put A crossing of an enhanced constituent link diagram is said to be real if the crossing consists of three arcs of reality 1. For C 2 e
where runs over all real crossings. Then, for a spatial trivalent graph L represented by a diagram D , we define the p -variable polynomial p .DI x 0 ; x 1 ; : : : ;
Theorem 7 Let D be a diagram of a spatial trivalent graph L. The p -variable polynomialˆp.DI x 0 ; x 1 ; : : : ; x p 1 / is an invariant for any spatial graph obtained from L by contraction moves, and for its neighborhood equivalence class.
By this theorem, we denote byˆp.LI x 0 ; x 1 ; : : : ; x p 1 / the p -variable polynomial of D . We note that the p -variable polynomial is an invariant for a handlebody-link.
Proof Let D 0 be a diagram obtained by applying one of the moves R1-R6 to D once.
As in the case of X -colorings, for E 2 EC.D/ and C 2 e Proof Let D be a diagram of L. We suppose that D is depicted in an xy -plane.
Let ' be the involution .x; y/ 7 ! . x; y/. For E 2 EC.D/ and C 2 e Col R p .E/, we have '.E/ 2 EC.'.D// and C ı ' 2 e Col R p .'.E//, where the reality of an arc˛of '.E/ is given by that of the arc '.˛/ of E 2 EC.D/. By the equality Â p .a; b; c/ D Â p .2b a; b; c/, we have B. ; C / D B.'. /; C ı'/ for each crossing of D (see Figure 12 ). Thus, we have the equalitŷ This implies not only that K is chiral as a spatial graph but also that K is chiral as a handlebody-link. We can check the chirality of K as a spatial graph without invariants, since the only nontrivial constituent link of K is the trefoil knot, that is chiral. However it is not easy to check the chirality of a knotted handlebody, since invariants derived from its complement does not work. The invariantˆp is the first polynomial invariant which detects the chirality of a knotted handlebody.
